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Abstract 
Kharaghani, H., An infinite class of Hadamard matrices of maximal excess, Discrete 
Mathematics 89 (1991) 307-312. 
We show that if there is a skew-Hadamard matrix of order m then there is an Hadamard matrix 
of order 4m2 - 4m whose excess attains the maximum possible bound predicted by S. Kounias 
and N. Farmakis, On the excess of Hadamard matrices, Discrete Mathematics 68 (1988) 59-69. 
That is 
a(4m* - 4m) = 4(m - 1)*(2m + 1). 
In particular if ~“‘3 (mod4) is a prime power, a class of Hadamard matrices of order 
4~‘~ + 4p” with maximum excess a(4p*” + 4p “) = 4p*“(2p (I + 3) is constructed. 
1. Introduction 
Let H, = [h,] be a matrix of order n with h, = fl. If distinct rows of H, are 
mutually orthogonal, the matrix is called ‘Hadamard’. For such a matrix 
necessarily it = 1, 2 or a multiple of 4. See [7-S] for details. The excess of H,, 
denoted by CJ(H,) is the sum of all entries of H,. Let a(n) = max a(H,), for all 
Hadamard matrices of order IZ. A recent result of Seberry [l, p. 3041 implies the 
asymptotic existence of the Hadamard matrices with maximum excess of order 
2Bq2. Since these matrices provide symmetric Balanced Incomplete Designs, a lot 
of attention has been given to their construction (see [7] for details). Less 
attention has been paid to the maximum excess problem when the order of the 
matrix is not a perfect square. The largest value of (nonsquare) it for which the 
maximum excess is known as 172 (see [3]). 
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Hadmard matrices with maximum excess have applications in statistics (see 
[4]). In this note we will construct a large set of Hadamard matrices of order not 
perfect square with maximum excess. We hope that this will generate more 
interest in the problem and opens the door to further applications of these 
matrices. Our main reference for the entire paper is [S]. 
2. Construction 
Following Farmakis and Kounias [l], let 
i Ci: i Cf = n2, Ci = 0 (mod 4) for all i or Ci = 2 (mod 4) for all i . 
i=l i=l 
It easily follows that a(n) 6 S(n) s nfi. 
When n is not a perfect square the upper bound nfi is too large. Although, 
the following upper bound is included in [3], for completeness we give a different 
proof. 
Lemma 2.1. 
a(4m2 - 4m) S S(4m2 - 4m) = 4(m - 1)2(2m + 1) 
for all positive integers m. 
Proof. First note that since, 
P(n) = i (Ci - fi)” = 2n2 - 2fi i Ci, 
i=l i=l 
EYE1 Ci is a maximum iff P(n) is a minimum. To minimize P(n), obviously, one 
should pick the closest integer =O (mod 4) or 2 (mod 4) to 
qn=4m2-4m=v(2m-1)*-l. 
Such an integer is 2m - 2. We will let as many as possible of the Ci’s be 2m - 2 
and the rest will be set to (the next closest such integer to d(2m - 1)2 - 1 which 
is) 2m + 2. 
It is now easy to see that the identity 
(4m2 - 4m)2 = (3m2 - 2m - 1)(2m - 2)* + (m” - 2m + 1)(2m + 2)2 
implies that 
S(4m2 - 4m) = 4(m - 1)*(2m + 1). q 
The following trivial lemma is crucial to the maximum excess problem (and this 
is the reason for mentioning it as an independent lemma). 
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Lemma 2.2. Let 
be a block matrix such 
excess of the matrix 
that; u(A) + u(C) = 0 = u(A) + u(B), u(A) > 0. Then the 
exceeds that of H by 4a(A). 
Now we are ready for the main construction. 
Theorem 2.3. Zf there is a skew-type Hadamard matrix of order m, then 
a(4m2 - 4m) = 4(m - 1)*(2m + 1). 
Proof. Multiply some of the columns and some of the rows of the skew-type 
Hadamard matrix by -1, if necessary, to write it in the form 
c= 
-1 e 
[ 1 e’ A ’ 
where e is the row matrix of ones, e’ is the transpose of e and A = Z + B, 
B = -B’, Z is the identity matrix (see [8, p. 2921 and note that u(A) = u(Z) = 
m - 1). 
Let J be the matrix of order m - 1 with all elements 1. Consider the matrix 
H= 
[ 
-J exA 
e’xA 1 ZxJ+BXA ’
where x denotes the Kronecker product [8, p. 181. 
It is known (and easy to see) that H is an Hadamard matrix of order m(m - 1). 
Furthermore. 
0(-J) + u(e x A) = -( m - l)* + a(e)o(A) = 0 = 0(-J) + u(e’ x A) 
and 
u(H)=u(exA)+u(ZxJ)fu(BxA) 
= (m - l)* + u(Z)u(J) + u(B)u(A) 
= (m - l)* + (m - 1)3 = m(m - l)*. 
For simplicity, let 
H= 
-J D 
[ 1 E F’ 
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D -J D -J D -J D 
FEFEFEF. 
. . . . . . . . . . . . . . . . . . 1 
Again for simplicity, let 
H’= 
J K 
[ 1 L M’ 
Note that 
-1 1 1 1 
a(W) [ 
l-l 11 
= (7 = - 
1 l-l 1 
a(H) 8m(m 1)2, 
1 1 1 -1 
 
Let 
o(J) + o(K) = 0 = a(J) + o(L). 
then from Lemma 2.2 it follows that: 
a(X) = a(W) + 4a(J) = 8m(m - 1)’ + 4(m - 1)’ = 4(m - 1)2(2m + 1). 
Therefore, u(4m2 - 4m) 2 4(m - 1)2(2m + 1). The result now follows from 
Lemma 2.1. 0 
Corollary 2.4. Let p L1 = 3 (mod 4) be a prime power. Then there is an Hadamard 
matrix of order 4p2” + 4p a with p2” rows of sum 2p a + 4 each and the remaining 
rows of sum 2p (y (each). Consequently, 
u(4~~~ + 4p “) = 4p2”(2p a + 3). 
Proof. It is known that there is a skew-type Hadamard matrix 
m =p”+ 1 [8, p. 291, Lemma 1.191. Thus the result follows from 
2.3. 0 
Example 2.5. Let p = 3 and consider the skew-type Hadamard matrix 
[ -1 -  1 -1 l-l 1 1 -1 1   . 
of order 
Theorem 
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Then 
H= ; _‘, ; “1, HL[x -; _; ,], 
LA A -A J 
BD D D 
E -H H H 
%= E H [ 1 -H H ’ E H H -H 
where 
B= 
and 
E= 
JA A A 
A -J -A A 
A A -J 1 -A ’ 
D= 
A -A A -JJ 
J A A A 
-A J A -A 
-A -A J A 
-A A -A J 
J -A -A -A 
A J A -A 
A -A J A 
A A -A J 
1 1 
1 1 7 
1 1  
Remark. The first Hadamard matrix of order 48 with maximum excess was 
constructed by Sathe and Shenoy [6], see also [l, 31. 
3. Applications 
3.1. Maximum determinant problem 
Let H, be an Hadamrad matrix of order n. Pesotan and Raghararao (1975) 
called a (1, -1)-matrix H,*+, of order n + 1 to be an embedded H, if it has the 
form 
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where x, y are (1, - 1) row vectors. They proved that: 
They called H,, to be optimal embedded if equality occurs (in the above 
inequality) and it is best embedded if the determinant is maximum for all choices 
of Hadamard matrices, but the equality does not occur. They noted that to find 
the maximum determinant it was sufficient to find a H,, with maximum excess. 
They, then found the best embedded H8 and HI2 (see [4]). Pesotan, Raghararao 
and Raktoe [5], subsequently found an optimal embedded Hs6 and best 
embedded H20. Farmakis and Kounias [l] later on noted that the determinant of 
is maximized if H,, has a maximum excess. 
This application together with the large set of Hadamard matrices constructed 
here makes the maximum excess problem quite interesting. 
Consider the set 
c= (C,, c2,. . .) C,): i: c;=n2, 1 i=l 
Cj = 0 (mod 4) for all i or Ci = 2 (mod 4) for all i 
I 
. 
Let H, be an Hadamard matrix of order it. Let Ci be the sum of the ith column of 
H,. Then Czl CT = n2, Cj = 0 (mod 4) for all i or Ci = 2 (mod 4) for all i. Hence 
the matrix H,, can be used to find subsets of C. Let H, be an Hadamard matrix for 
which a(n) = S(n). One, then expects to get the entire set C by multiplying the 
rows of H,, by minus one and considering the column sums of H,,. Obviously if 
the whole set C is obtained, then the Hadamard matrices of maximum excess 
are extremely useful. We do not know if the entire set C is obtained in this way. 
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